Abstract. Let A denote a unital complex Banach algebra. An element a E A is said to be relatively regular if aba = a for some b € A. Then b will be called a generalized inverse of a. In this note we study spectral properties of generalized inverses of a.
Proof. [ (2) 7(a) > 0; ( 
3) if x G A is a generalized inverse of a, then
Proof. Let x € A such that axa = a. Put p = ax and q = 1 -xa. Then it is easy to see that p 2 = p, q 2 = q, pA = aA and a -1 (0) = qA. Thus we have aA = {y G A : py = y}. This shows (1) . Use (1) and [5, 
N(A) ~ X/A(X),
where N(A) denotes the kernel and A(X) denotes the range of A. It follows that if dim X < 00, then each A G A is decomposably regular.
The proof of the following theorem can be found in [3, Theorem 7.3.4] . Since ab = ba and aba -a, it follows by induction that a n = a n b n a n for each n G N, thus 1 < ||a n || ||6 n || for all n G N. This gives 1 < r(a)r(b). m Proof. From pa = 0 it follows that f(z)a = ba. Thus af(z)a = aba = a.
• THEOREM 3.
(1) z e p(f(z)) for each z e C. Since ba = (6a) 2 , we get ^^ = 0 or = 1, thus z = A or À = 0, a contradiction.
The proof of (2) is now complete. 
Norms of generalized inverses

r(f(t)) = t for t > r(b).
Thus ||/(i)|| > t for t > r(b), hence
(*) lim ||/(t)|| = oo.
t->oo
Since ||/(0)|| = l l &H < a and since 11-> ||/(i)|| is continuous, (*) shows that there is to > 0 such that ||/(io)|| = a. Put x = /(io)-By Proposition 6, x € Gi(a).
• For a E A^ the unique x E A satisfying the Moore-Penrose conditions is denoted by a^ and is called the Moore-Penrose inverse of a. It is clear that A* C A and that for a E a* € G2(a). (1) a E A and a-^O) C f£°= 1 a n A; (2) a is holomorphically regular. 
PROPOSITION 9.
Suppose that a £ A is holomorphically regular and b € Gi(a). Then a n b n a n = a n for all n€ N.
Proof. Since b 6 Gi(a),aba = a. Now suppose that a n b n a n = a n for some n G N. Put p ' a n b n and q = 1 -ba. Then p 2 = p, q 2 = q,pA = a n A and qA = .i4 -1 (0). Proposition 8 (1) shows then that qA C pA, hence q = pq. Therefore 1 -ba = a n b n ( 1 -ba), thus a n b n+i a = a n b n -1 + ba.
We conclude that a n+l b n+l a n+l = _ + = a(a n b n a n ) = a n+1 .
• REMARK. Prom Proposition 9 we get a second proof of Theorem 7(3).
THEOREM 8. If A is a C* -algebra and a € A is normal, then a is holomorphically regular a €
Proof. The implication ">i=" is clear. Now suppose that a is holomorphically regular. Assume to the contrary that a ^ A" 1 . Proposition 7 shows that a is simply polar, thus, by Corollary 2 (1), 0 is an isolated point of a (a). But this contradicts Corollary 10.
• (2) Prom aa^a = a and a^aa^ = a* we derive a*(a^)*a* = a* and (a*)* = (at)*a*(at)*, thus a* G A and (at)* G G 2 (a*). Then 
